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Abstract 

In this paper we define an integral operator on LP and obtain its degree of 
convergence in the appropriate norm. By specializing the kernel of the integral 
operator we obtain many known results as corollaries. We have also applied 
our results to obtain results on singular integral operators. 
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1 Introduction 



Let LP = LP (R) with fixed 1 < p < oo be the space of all real-valued functions 
Lebesgue integrable to the p— th power over R if 1 < p < oo and uniformly con- 
tinuous and bounded on R if p = oo. We define the norm in L p , as usual, by the 
formula 



\\f (■%■■-- 



J\f(xWdx 



sup|/ (x) 



if 1 < p < oo, 
if p = oo. 



Denote by uj (/; •) the modulus of continuity of / G IP, i.e., 

w(/;t) „:= sup ||A ft /(-)|L, * > 0, 

0<h<t 



(1.1) 
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where A h f (x) = f (x + h) - f (x). 



Consider the family of integral operators 



F x (f;x) : = A / f (t))C(X(t - x))dt, A > 0, 



(1.2) 



R 



with Fejer type kernel fC [U p. 126]: 



K. (— x) = K. (x) , 



(1.3) 



/ 



K, (x) dx = 1 



(1.4) 



E 

sup \JC (x)\ < oo, (1.5) 

-l<x<l 

sup x 2 \K, (x)\ < oo. (1.6) 

Under these conditions, the integral (|1.2j) represents a linear operator acting 
from LP to L p . 

For fixed mefJU {0} and 1 < p < oo, we denote by the set of all / G L p 
whose derivatives /', /", /( m ) also belong to L p . The norm in these iXn is defined 



by 0, i.e., for / G 4, we have ||/|| Pj m = ||/|| p , where ||/|| p is defined by 



It is clear that Lq = L p . 

Definition 1. Let / G L v m for fixed m G N U {0} and 1 < p < oo. We define a 
family of modified integral operators by the formula 



for x G R and A > 0. 

In particular, we have F\ t o (/; •) = F\ (/; •) for / G IP . 

It is obvious that the formula (jl.7p can be rewritten in the following form: 




(1.7) 




for every / G Ln 



x G R and A > 0. 
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If (jl.3p holds and for any j = 0, 1, 2, m 

3 

v? \K, (u)\ < oo, 





then for fixed m G N U {0} and A > the integral (|1.7j) is a linear operator from 
space Lm into L p (see Remark 2). 

Denote by H u ' p the set of all functions / G L p (1 < p < oo) satisfying the 
condition 

sup p (/;/i) < oo, 

where 

fc^.P (/;/!):= 1^4, /i°> p (/; ft) = 

and, for i > 0, (i) is a nondecreasing function. We can show that ' p is a 
Banach space with respect to the generalized Holder norm 



„ „ • sup /r •"!/:/;). (1.8) 

Suppose that H u > p is the set of functions / G L p (1 < p < oo) satisfying the condi- 
tion 

sup h ' p (/; ft) = sup < oo 

and contained in the space ' p , H^' p C H u > p , where, for i > 0, to (t) is a 
nondecreasing function. In particular, setting 

oj (t) = t a , u*(t)=lP, t>0 and < < a < 1 , 

for H 1 * 1 ' p we obtain the spaces 

H P> p :={fEL p :cj(f,t) p <C 1 t^} 

with Holder norm 



+ sup- 



|A fc /i 



fe^O |/l| P 
and for the set iT"' p we have 

iI a ^:={/Gi?:a;(/,i) p <C 2 t a } 
p C i?* 3 ' p 
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For fixed m G NU {0} and 1 < p < oo, we denote by H m ' p (or H m ' p ) the set of 
all / G # w *> P (/ G p ) whose derivatives /', /", /( m ) also belong to H™*' p (or 
iT"' p ), where, for t > 0, to* (t) (or a; (t)) is a nondecreasing function. The norm in 
these Hm ' p is defined by CCH]), i.e., for / G H m ' p , we have H/H^ Pi m = ll/IL*, p > 
where p is defined by ([TB]) . It is clear that *' p = p . 

Throughout the paper we shall use the following notation: 

E x (x) = E x (f;x) =F x (f;x)-f(x), 
E x (x + h,x) = E x (/; x + h, x) = E x (x + h) - E x (x) 

and 

<f>x (t) = f{x + t) + f{x-t)- 2/ (x) . 

The object of this paper is to study degree of convergence of the integral operator 
F\, m (/) to / in the appropriate norm and to deduce many interesting results as 
corollaries. We also apply our results to obtain degree of convergence of singular 
integrals. 

2 Statement of the results 

Theorem 1. Suppose that < j3 < rj < 1 and \1.3\) - [Tj)\) hold. Then, for any 
f G H^> p (1 < p < oo), the following relation is true 

^w-"--°< i >sgw{s/H=)) I " f *}- ™ 

where A > 1. 

Remark 1. For p = oo (|2.ip was proved in |6j Theorem 1]. 

Theorem 2. Suppose that < £ < r? < 1, A > A > and fO j) -fT5 p ftoid J/ 

oo 

y u|£(u)|du < oo, (2.2) 
l 

toen /or / G p (1 < p < oo) 

,,^/)-/,L,^o (1)5 .M^(„(I))^. 
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Remark 2. Let m G N U {0}, 1 < p < oo and fjl .3|) holds. If for any j = 0, 1, 2, m 

oo 

y n J ' \K{u)\du < oo, (2.3) 
o 

then for every / G L™ and A > we have 

m llf^ll 
\\Fx, m (f)\\ p = 0(1)E ' 



Moreover, if / € -ff m ' and A > 0, then 



m 11/^11 

ii^, m (/)L., p =o(i)s: Jj' ,p • 

i=o J ' 

Theorem 3. Suppose that O< ( 0<r/<l,mGN ; A>A o >O and (TO))-(f7^P hold. 
If for any j = 1, 2, m + 1 

oo 

u J ' |/C(t*)|du < oo, (2.4) 



i/jen /or / G -Km' (1 < p < oo 



1-4 



^.c/)-/lu,-°a>E^M"G 

Setting 

o;(i) = t Q , oj*(t)=tP, 0</3<a<l, 77 = q 

in the assumptions of Theorem 1, 2 and 3, we obtain the following corollaries: 

Corollary 1. Suppose that < f3 < a < 1 and il.3\) - [T7b]) hold. Then, for any 
f G H a ' p (1 < p < oo), the following relation is true 

' O (\?- a ) if a-p<l, 
O(taA) if a-p = l, 

where A > 1. 

Corollary 2. Suppose that < (3 < a < 1, X > X > and [H fy -fTl fy hold. If 



\\Fx(f)-f\\^ p 



u \ JC (u) \ du < 00, 

1 

then for f G H a < p (1 < p < 00) 

II^a (/) - /IU p = o . 
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Corollary 3. Suppose that < P < a < 1, m G N, A > A > and [L3\) -[L4\> 
hold. If for any j = 1, 2, m + 1 

oo 

/«* |)C (u)| *,<«,, 



then for f G H% p (1 < p < oo) 

\\Fx, m (f)-f\\^ p = 0(\?- a - m ). 



3 Examples 

3.1 The Riesz means of the Fourier series 

Suppose that the kernel K, satisfies the conditions (|1.3|) - (|1.6|) . Then, as is well known 
(see [H p. 132]), if we consider 2tt periodic function / G L p with the Fourier series 

oo 

S(f)= c k(f)e tkX i 
k=—oo 



the family of operators of Fejer type (jl.2p can be transformed into sequences of 
linear means of series of the function / 

F n (f;x)= v(-)ck(f)e ikx , nGN, 

k=-oo 

where the values of tp (^) coincide for t = ^ with the values of the function ip(t), 
which is the Fourier transform of the kernel /C. 

Consider the Riesz means of the Fourier series S (/) : 

RnhJ;x)= £ (l - By Ck(f 7 >0. 



k=—n 

For this mean 



(1-N) 7 , |*|<1, 
0, \t\ > 1, 



and consequently 

^(7) (*) = ^ I ^ ^ eitXdx 
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lj ^ (-l) k t 2k ^ (-l) k t 2k+1 \ 

~ 7T) COSt ^(2k)l(2k + l + 1 ) +Smt ^(2k + iy.(2k + 2 + 1 )\- 

V. /£ — U K — U / 

It is clear that the kernel K-r^) satisfies the conditions (jl.3p . (jl.5p and (jl.6p . More- 
over, the function y? 7 is the Fourier transform of the kernel /C^( 7 ), i.e., 

(*) = y ^R(7) ( x ) e~ ite dx 

R 

for all tel.. Thus 



1 = ¥> 7 (°) = / ^(y) ( x ) 



'/./• 



and the condition (jl.4p is valid, too. Hence, by Theorem 1, we obtain the following 
results. 

Corollary 4. Suppose that < /3 < ij < 1 and 7 > 0. Then, for any 2tt periodic 
function f £ iJ" : p (1 < p < 00), the following relation is true: 

Corollary 5. Suppose that < j3 < a < 1 and 7 > 0. Then, for any 2ir periodic 
function f £ id a ' p (1 < p < oo), i/ie following relation holds: 



\Rn (l,f)-f\\p, p 



O (nP- a ) if a-p<l, 
O(^) if a-P = l. 



In particular, putting 7 = 1 in ()3. 1 j) . we get the Fejer kernel 
/C CT (t) := JC R m (t) 



2 /sin(i/2)Y 



and consequently the Fejer means of the Fourier series S ( f) is given by 

a n (f;x):=R n (l,f;x)= £ c fe (/) e fe = £ (l " ^) Cfe (/) e ikx . 

k=— oo k=—n 

Hence, from the above corollaries, we obtain the results from [3], [6] and |10j . 



3.2 The Poisson operator 

Let 



11 1 



ICp(t) = -t— f> A = -, e>0 

~ 1 +t z £ 



TT 
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Then we obtain from (jl,2p the Poisson singular integral of a function / G L p , i.e 



P £ (f;x) = - [ /( x + t )-J_^t, 
tt I e z + t A 



The approximation properties of this integral was given in [5], for example. It is 
clear that the kernel /C-p satisfies conditions (jl.3p - (|l,6p . Hence, by Theorem 1, we 
obtain the following assertion. 

Corollary 6. Suppose that < (3 < r] < 1. Then, for any 2tt periodic function 
f G H w ' p (1 < p < oo), the following relation is true 



\Pe(f)-f\\, =0(l)supMN))l 



( 1/6 



: / ! I - 

1 



du > , 



where < e < 1. 



Corollary 7. Suppose that < /3 < a < 1. Then, for any 2tt periodic function 
f G p (1 < p < oo), i/ie following relation is true 



\Pe (/)-/! 



O (e^ -01 ) i/ a - p < 1, 
0(eln(l/e)) ?/ a - /3 = 1, 



as e — >■ + . 



3.3 The Picard and Gauss- Weierstrass operators 

Taking 

£ P (t) = iexp(-|i|), A = ~ r>0 
2 r 

and 

^Cvk (*) = — ^ exp (— t 2 ) , A = — ==, r > 



we obtain from (jl.2[> . respectively, the Picard singular integral and the Gauss- 
Weierstrass singular integrals of a function / G L p , i.e., 

Pr {f; x) = ±- J f {x + t) exp dt, 

W r (f;x) = Jf(x + t) exp dt. 
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The limit properties (as r — > + ) of these integrals were given in many papers and 
monographs (see, e.g., [21 OS]). 

It is clear (see O Lemma 1]) that for every m G NU {0} 



J u m \1Cp{ 



u) \ du 



ml 



and 



u m \K w (u)\du= < 
Hence, by Theorems 2 and 3, we obtain the following assertion. 



i 



2 if m = 0, 
{2 lk+}" if m = 2k > 2, 
M= if m = 2k + l > 1. 



Corollary 8. Suppose that < /3 < 77 < 1, m G NU{0} and / G H% p (1 < p < 00) 
T/ien 

1^ (/) - /II*, P = o (i) ^p^tht^" 1 (« W) 1 ^ 



/^o (|/i|) 



and 



as r — > + . 



(/) - /IU p = O (1) -P%^ W2 (« 



Corollary 9. Suppose that < (3 < a <1, m £ NU{0} and /eC' P (l<P< 00) 
TTien 

ll^r (/) - p = O (>+^) 

and 

ll^(/)-/||^ p = 0(r( m +«-«/ 2 ) 

as r — >• + . 



4 Proofs of the theorems 
4.1 Proof of Theorem 1 

For p = 00, (|2.1|) was proved in [UJ Theorem 1]. Let 1 < p < 00. Then using (j 1 . 3 j) 
and (|1.4p we get 

00 

£ A (2) = A y cfe (t) /C (At) eft 
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and 



00 

E x (x + h,x) = A J ((P x+h (t) - <f> x (t)) JC (At) dt. 



Applying the Fubini inequality [TT] we have 



\\E x {- + h,-)\\=\ 



-h {t)-<t> x (t))K(Xt)dt 



dx 



00 » p 

<\j \K(\t)\ \ j \<f> x+h (t) - 4> x (t)\ p dx > dt 



/l/A 1 



J + f +f \\K,{\t)\\J\4> x+h {t)-4> x {t)\ p dx\ dt = h + h + h. (4.1) 

\0 l/A 1 / 
It is clear that for 1 < p < 00, 



>> x+h {t)-<j) x {t)\ p dx} <4u(f,\h\) t 



(4.2) 



and t > 



c+h (t)-<t> x (t)\ p dx} <4co(f,t) p . 



(4.3) 



Then, in view of the property (jl.5p of the kernel /C and inequalities (|4.2f) and (|4.3 
we obtain that for / G H u ' p 



l/A 

h = X J \K(Xt)\{ j \o. r+! ,(i) -,,,.(/)!''<■/,• 



W/i (*) (or 

l/A 



dt 



o(i)AM|/»|))f I ^(At)!^^^) 1 ' 



" dt 







o(i)( w (|fc|))S( w (i 



(4.4) 
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Further, in view of property (jl.6p of the kernel /C, by (|4.2p and (|4.3p we have 
that for f £ H">p 



1 

/3 



I 2 = 0(l)A(w(|/i|))i / |/C(At)|(u;(/,i) p ) *dt 



l/A 

— If /».\ \ rj J- 



o(i)AMH))^ I (w(/,*) P ) _ " (^2* 



l/A 



i 



O (1) (co (\h\))l \ f "du. (4.5) 



A 7 V V w 
i 



Applying (|L6j) . (|Q[) we get for / G p that 

l/A 

I 3 = A / |/C(At)|<( I \4> x+ h(t)-<l> x (t)\ p dx 



o 



P »? ) 



oo 

■ 



0(l)A(«(|fc|))n / \)C(\t)\ 8||/|U 'A 



1 

oo 

I f 1 , „ xx £ 1 



0(l)A(o;(|fc|))? / — 5 cft = 0(l)(w(|/ l |))^ T 
(At) A 



1 



o(i)(«(W))* 1 1 



A'' A 



If A > 1 then u (/; l) p < 2\co (/, A). Thus 

J 3 = 0(l)(w(|/ l |))f L( ./. 



lA \ " l 



p/ A*? 



£ / / 1 A \ ^ 



0(1)MH))*( W {-) ) • (4.6) 
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From relation P~T|) . (jH^ . (|4"3j) and (|4T6j) . we obtain 



\\Ex(- + h,.)\\ p = 0(l)( W (|ft|))i{ 
Since 



1 



W A 



+ A. W U 



i- 



i 



/3 A 

? , i r ( (i 

du > — / a; — 

A ./ V \-u 



A-l 
2 



l A A 1 v A + l If ( l \ \ 1_ 



2A ~ 2 V V A 



> - w - 



therefore 



\\E x (- + h,-)\\ p = 0(l)(u(\h\))' i < 



i 



Hence 



58— - (1) { a / [ u [z 

We can easily see that 

A A 

\\E x (-)\\ p = 0(l)\ L(^\du = 0{l) \ I 



du > . 



1-4 



du 



From (14. 7h an (|4.8j) . we finally obtain 

Pa(-)L., p = Pa(-)II p + sup 



0(1) 



(u,(H))f (l " 



to 



du > . 



This completes the proof of Theorem 1 . □ 



4.2 Proof of Theorem 2 



Let p = oo. Then by (|1.3p and (|1-4|) we get 

oo 

|£ A (* + M)| < A / |/C(At)||^ +h (*)-^(*)|c« 
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l/A oo\ 

A I / + 



\K (At) | |^+h (t) - <t> x (t)| dt = Ji + J 2 . (4.9) 

l/A / 

It is clear that 

l^+fc (t)\<4u> (f-Ahl)^ 

and 

|0 x+/l (t)-^(t)| <4a;(/;t) 0O . (4.10) 
Using this and (|1.5j) we have that for / € H u ' p 



l/A 

Ji = A / |/C(At)|(|^ +fe (t)-^(t)|)f (l^hW-^C*)!) 1 "' * 



= 0(l)A(w(|fc|))$ | («(/;t)J 1 -fcft = 0(l)( W (|fc|))f ("Q)) 
o 

Further, by (p~T0|) and fl22]) we obtain that for / € H u > v 

oo 

J 2 = Ay |/C(At)|(|<^+fc (t)-<fe (t)|)f(|^ (t)-0 x (t)|) X ^dt 

l/A 



o 



= 0(l)(o;(|/ l |))?A y M/;^) 1 i|JC(At)|£fc 

l/A 

oo X—S. 

= O (1) (u (\h\))v\ J (^j^-) " t X ~n \K (At)| dt 

l/A 

O(l)(o;(|7»|))f (^(/;£) ) * \ 2 -- J t l ~-n\1C(\t)\dt 

l/A 

= 0(l)( w (|fc|))f My)) "A 2 | *|JC(At)|df 

l/A 
1 8 oo 



OW^WIM^I ) /u|/C(«)|d« 



I { /1 N x L " 



0(1)( W (H))^( W {-) ) . (4.12) 
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Similarly we can prove that 



\\E X 0)1100 = 0(1) u (/; x ) = 0(l)(u,(/ 



w /; 



Ao 



0(1) 



Hence, by gJl, (jiTTTj) . (|4TT2j) and (ITOD 



(4.13) 



\E,(- 



PaOIIoo + suP 



w*(|^|) V V A 

Suppose 1 < p < oo. Then using (|1.3p . (jl.4p and the Fubini inequality [UJ we get 



|£a(- + MII p = a< 



\SPx+h 

(t)-<f> x (t))K(Xt)dt 



dx 



<\J \K(\t)\{ I \,> J . +h il)-o,(l)\"<I.r} <H 



/l/A 



A 



J + J \\JC (At) | | y (i) - 4> x (t)\ p dx \ dt = S 1 + S 2 . (4.14) 
\ o i/A / Ik J 

In view of property (j 1 . 5 1) of the kernel fC and inequalities (|4. 2|) and (|4.3p . we obtain 
that for f £ H^'P 



l/A 

S 1= \ J \JC(\t)\{ I {<>.,._,, (/)-,,, (/)!'' r/.r 



P V »7, 



l^+h (i) - X (f)| p dx 
l/A 



eft 



0(l)A(w(|7»|))f | l/C^lfW,^) 1 ' 
o 



(4.15) 
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Further, in view of property (|2.2p of the kernel /C, by (|4.2p and (|4.3p we have for 



S 2 = 0(l)\(cj(\h\))n J \lC(\t)\(u(f,t) p ) v dt 
l/A 



1— B- 

( 1.) U- ( \h\) i" A / ( 'fMl^A " t l ~v \K (At) | eft 



l/A 



1 



omu'Oi))- (-(/;-) ) \ 2 '- J t l ~^\ic{\t)\dt 

V ' l/A 



0(l)( U (H))f( U ^)j "A 2 | t|/C(At)|dt 

l/A 



0(l)( w (|^( w (i)] " / u\K(u)\,lu 



()(J)UM|/,|))f f«Q 



We can easily see that 



(4.16) 



PA(0ll P = O(l). ( /;I) p = O (l)(.(/;i))^U/;I^ 



O(l) l o; l - 



(4.17) 



Hence, by KWi - KTT^i 
\\Ex (• 



or, p 



\\E x (-)\\+su V 



\\E x (- + h,-)\\ t 
co*(\h\) 



0(1) su P » L({ 



The proof is complete. □ 
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4.2.1 Proof of Remark 2 



Let p = oo. Then by (jl.3p and (|2.3[) we get 



"* II f u> \\ f "" II f^ll '' 

3=° re i=0 n 



A / V\K(\t)\dt 



■'- || f(i)|| r 

2 E jL y! sa / ^'i^(«)i^ = o(i)E 

i=o J ' S i=o 



(4.18) 



Suppose that 1 < p < oo. Then using the Fubini inequality [IT], (|1.3h and (12. 3D we 
obtain 



ll*W/)IL 



3=0 J ' I 



j=o J - 



f ij) (t + x) t j JC (Xt) dt 



dx 



^JlJ 1*^(^)1 I /|/ 0) (* + *) 
■? =0 re Ire 



i=o o 
Using ([USD and (gJ2D we get 



m ||/(i)|| ^ m 

7* *^ » — n 



i=o 



W, p 



\\A h F x , m (f;.)\\ p 
\\Fx, m(/)L + SUp— 



;*(|*|) 



(4.19) 



, \\F x , m (A h f;.)\\ p 

\\FX, m(f)L + SUp- 



Oil) { 



>')| 



|A fc /^(.)|| 



i=0 



j=o 



i=o J ' 



This ends our proof. □ 
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4.3 Proof of Theorem 3 

We use the following modified Taylor formula for / 6 L„ with m € N: 

3=0 J ' 



+ 7^T=T)! / ( 1 - u ) m ~ 1 {f {m) (t + u(x-t))-f^ (t))du 



1 







(m - 1)! 
for a fixed t £ f and every 
By ([OD we get 

f ij) (t) 



f ( x ) = A y / (x) K (A (t-x))dt = X Jj2 f3 -^ ( x ~ % ( A (* - x )) di 

+A / £(A(t-x)) 



3=0 

(x - tr 

(m-l)! 

R 

(1 - u)™- 1 {/H (t + u(x- t)) - /<"0 (t)} 
= FA, m (/;x) + A | /C(A(i-*)) j^-^j 

R 

(1 - u) m - 1 (t + n(x-t))-/( m ) (i)}du | <//. 

Therefore, by (|1.3j) 

/(x)-F A , m (/;x) 

= A / ((^li / ( 1 -«) m " lA «(*-t)/ (m) (A (*-*)) eft 

R V / 

= a y [ ^1)1 / ( x - u ) m_1 A «* /(m) ^ - *) du ) ^ ^ dt ( 4 - 2 °) 

R V / 

Set 

E\, m (x) = E x , m (/; x) := f (x) - F x , m (/; x) 

and 

E\, m (x + h, x) = E x , m (/; x) := E x , m (x + h) - E\ m (x) . 
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Let p = oo. Then 



\E X> m (x + h,x)\ < A f \K(\t)\ 



(m-1)! 



{j (1 - u)™- 1 |A ut /M (x + ft - - A Mi /( m ) (a; - i)| duj 



dt. 



It is clear that 



&utf (m) (x + h-t)- A ut f^ (x - i)| < 2w (/M; |ut|) 



and 



A Mt /( m ) (x + /i - t) - A nt /(™) (x - t)| < 2u (/^; \h\) ^ . 
This and the properties of the modulus of continuity yields for / £ H, 



0), p 



|£ A , m (s + M)| < \(u (f^;\h\ 



B r l + l m 



oo/ 7 (m — 1)! 



|/C(At)| 



(i-u)™- 1 (u(fW-\uty) J "d«W// 



0(l)A( W (|h|))i 



(m - 1)! 



|£(Ai)|(a;(/M;|t|) J 1 " I {l-u) m - x du \dt 



1— — m 



Using (H3J| and Q23J 



O(l)(o;(|*|))f 



A / H_|/C(At)| (l + Altl) 1 "^^. 



1 /3 00 

A 



A / t m (l + At)|/C(At)|dt 
ml J 



O (1) (oj (\h\))^ 



x 1 _£ / 00 

2 / /1AV" 



oo 

X J t m \IC (At) | dt + X 2 J t m+l \K (At) | 
o o 



0(l)M|fc|))S( W Q)V / U m |/C( U )|dn+ /^ +1 |X:(n)|d« 
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1-2 



n 1 
A™' 



We can easily see that 



I^A,m (01100 = 0(1)^ 
Hence, by (IOTP and (14T22J) 

pA.mQIL* oo = II^A, 



A/oo A- V VA 



i— -ti 

»7 



(4.21) 



(4.22) 



Pa, m (• + /»,-) 



+ sup 



o(i) 5?^WA^rlA 



Suppose 1 < p < oo. Using (|4.20p the Fubini inequality [TT|, we get 

A 



\\E\,m(- + h,-)\\ p 



(m- 1)! 




t m /C (At) 





' 1 


| (it 





< 



A 



(m - 1)! 



\t m K (At) | 



(1 - u) m ~ l (A ut /M (x + fc - t) - A u4 /( m ) (x - t)) du 
A 



dx > dt 



< 



|t m /C(At)| 



a\m— 1 



(m - 1)! 

R 

A ut / (m) (x + /i-t)-A u4 /( m ) (x-t) 

It is clear that 1 < p < oo 

A ut /( m ) (x + h - t) - A ut f^ (x - t)\ P dx 1 < 2u (/M ; | nt |) 



/ 1 
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and 



J \A ut f^ ( x + h-t)- A Mi /M (x -t)\ P dx\ < 2u \ h \^ 



Using this, (jl.3p . (|2.4p and the properties of the modulus of continuity we get that 

for fern 



tU), p 



\\Ex,m(-+h,-)\\ p < j-±—( U (\h\))li 



\K(Xt)\ J (1 - u)" 1 " 1 (w (/("»); |«t|) J " du 
o 

A 



1-4 



0(1) 



m — 1)! 



{u{\h\))n 



■ J l\t\ m \JC(\t)\(u (/(»); |t| 



.0 1 



(1 — u) m 1 (iu I (it 



(m - 1)! 



0(l)( W (|h|))f( U Q 



|K(A*)|(u (/M; 



./3 1 



m! 



(1 — u) m 1 (in I (it 



|/C(Ai)| (1 + A|i|) 1_ f dt. 



l- 



* 1 
A™ 



u m |/C(u)|(in+ / u m+1 |/C(u)|d« 



on)u-(H))f f«Q 



^ i 

A™' 



Similarly we can prove that 



\\Ex, m (OIL = o (i) 4- f / (m) ; V) = o (i) 4 f t 



n 



Hence for 1 < p < oo 



\\Ex, m (-)L* tP = \\E x , 



+ sup- 

h^O 



0(l)su P »L(l 



Thus, the proof is completed. □ 
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